Introduction
Throughout the present paper, all groups into consideration are abelian p-groups, written via the additive record which is the custom when studying such groups, where p is a prime. All other unexplained exclusively characters and definitions are standard and follow essentially the classical reference [4] .
A well-known theorem of Nunke [10] (see also [4, v. II, p. 112, Exercise 3]) states that if G is a totally projective group, then so are p α G and G/p α G for all ordinals α; and, conversely, if there is an ordinal α such that both p α G and G/p α G are totally projective, then G is totally projective. (Note that, in particular, the same claim follows for direct sums of countable groups.) An unpublished observation of Fuchs -E. Walker says that if F is a fully invariant subgroup of the totally projective group G, then both F and G/F are totally projective groups (see cf. [4, v. II, p. 101, Exercise 7] and [6] as well). In [8] , Linton and Megibben jointly investigated the more difficult converse question in some special cases for F . Specifically, they proved that if the fully invariant subgroup F of G is of concrete type and if both F and G/F are totally projective, then G itself is totally projective. The general case for F is still unanswered.
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However, when G is a C λ -group (that is, G/p α G is totally projective for each α < λ) of length λ and F is an unbounded fully invariant subgroup of G, Linton established in ( [6, Theorem 5] ) that G is totally projective if and only if F is totally projective.
In a subsequent series of articles, we have explored the same kind of claims for an independent class of so-called summable groups (see [9] and [4, v. II, Chapter 84]). In fact, in [1] we show that if G is a group of countable length and if α is an ordinal such that p α G and G/p α G are both summable, then G is summable. Further, in [3] , we consider the case when length(G) = Ω by proving that if G is a C Ω -group of length Ω and if p α G is summable for some α < ω 2 , then G is also summable. After this, we refine in [2] this assertion to an arbitrary countable ordinal α (i.e. α < Ω).
The aim of this manuscript is to remove the condition on G to be a C Ω -group as well as the countability of length(G) by showing that if p α G and G/p α G both are summable for some ordinal number α, then G is summable too; thus generalizing all of the aforementioned attainments. We also concern some partial situations of the general case for the fully invariant subgroup F of G; it is noteworthy that p α G is a special fully invariant subgroup of G.
Main Results
It is well-known that G being summable forces that p α G is summable for any ordinal α. In this section we shall show that under the condition that G/p α G is summable the converse statement is true for an arbitrary ordinal α and thus acquire a powerful tool for showing a group is summable.
As already emphasized in the introductory section, we argued in [1] that if length(G) < Ω and both p α G with G/p α G are summable for some α ≤ length(G), then G is summable. According to the following example one can expect that the assertion holds valid even for lengths equal to Ω.
where G is of countable length whereas H is of length Ω a direct sum of countable groups. We claim that if p α A and A/p α A are summable for some α ≤ Ω, then A is summable. Indeed, length(A) = Ω and we see that α = Ω obviously insures that A is summable. If now α < Ω, we see that
as being direct summands. Thus, by what we have remarked above, G has to be summable, whence so is A (see [9] or [4, v. II, p. 123]) as claimed.
And so, we come to our central result which shows what we happened; it will turn out to be a major step towards proving the desired global theorem. Proof. If α ≥ Ω, we are done. For the remaining case α < Ω we write
Since H ∼ = (H⊕p α G)/p α G where the latter group is isotype in G/p α G, a group of countable length, we appeal to [9] We now turn to the question: If F is a fully invariant subgroup of G and both F and G/F are summable, does it follow that G is summable as well? (For the corresponding results concerning totally projective groups we refer once again to [6] and [8] ). In some instances this is so; for examples: 1) F = G[p n ] for some natural number n. Then G/F ∼ = p n G is summable only when G is summable (see [1] or [3, Lemma 1]).
2) F = p α G for some ordinal number α. Then our foregoing theorem allows us to conclude that the above question holds true in that case. Now, we will make an attempt to examine the general case. Recall that the height |x| G of a nonzero element x in the reduced group G is defined to be the least ordinal α such that x ∈ p α+1 G. We also set |0| G = ∞. Let α = (α i ) i<ω be an increasing sequence of ordinals and symbols ∞; that is, for each index i, either α i is an ordinal or α i = ∞ and α i < α i+1 provided α i = ∞. Imitating [8] , with each such sequence α we associate the fully invariant subgroup G(α) of the group G defined by
If G is totally projective, then all of its fully invariant subgroups are of this form (see [4, v Proof. As the text says, we must show that F being summable implies that G is summable. In fact, since F = G(α), where
we set β = sup{α(n) : n < ω}. It is not difficult to verify that p ω F = p β G. Hence p β G is summable. If β < λ, we have that G/p β G is a direct sum of countable groups, whence summable, because β is countable. Hereafter Theorem 2.2 is applicable to get that G is summable. If β = λ, then F is separable summable, thus a direct sum of cyclic groups. Since β is co-final with ω, we obtain that λ is co-final with ω, hence λ < Ω and then G is a direct sum of countable groups (see [9] ), whence summable. Finally, we can precise the corresponding theorem from [3] (see [2] too).
Proof. "⇒". Foremost, if length(G) < Ω, we consider two possibilities. Firstly, if length(G) = µ < Ω, Hill-Megibben's criterion works to infer that A is a direct sum of countable groups. Hence, Linton's result is applicable to deduce that L is totally projective of countable length, that is a direct sum of countable groups, whence summable. Otherwise, if length(G) < µ, G is obviously a direct sum of countable groups and again the previous procedure can be applied.
After this, let us assume that length(G) = Ω. We know by [7] that
is a Σ-group (see [3] ). Therefore, L is summable (see [1] or [3] ). In the remaining case when ν = λ, we have that L/p ω L = L/p λ A is a λ-large subgroup of the totally projective group A/p λ A. Thus, in virtue of [7] , L/p ω L is a direct sum of cyclic groups. As above, L has to be a summable group (see [1] or [3] ).
"⇐". As already observed via [7] , p ω L = p ν G. Consequently, L being summable secures that so is p ν G. Since ν ≤ λ ≤ µ and ν ≤ Ω, we derive that G/p ν G is a direct sum of countable groups, thus summable. Furthermore, we apply Theorem 2.2 to obtain the wanted claim.
Left-Open Problems
In conclusion, we pose two questions that we find interesting.
We recollect that a group G is σ-summable (see [8] 
and, for every i < ω, there exists an ordinal α i < length(G) so that G i ∩p α i G = 0. Applying [5] , this definition is tantamount to the following one: G = ∪ i<ω H i , H i ⊆ H i+1 ≤ G and, for every i < ω, there exists an ordinal β i < length(G) so that H i ∩ p β i G = 0. It is well-known that (see [8] ) a σ-summable C λ -group of length λ is totally projective; note that such a λ is of necessity co-final with ω and thus limit. By analogy, we ask the following. Notice that each summable group of countable limit length is σ-summable.
We recall that a group G is a Σ-group if some its high subgroup is a direct sum of cyclic groups. In [1] we obtained the criterion that a group G is summable uniquely when G is a Σ-group and p ω G is summable. The role of the ordinal ω in this necessary and sufficient condition is crucial. Nevertheless, we ask the following. Problem 3.2. Does it follow that a Σ-group G for which p α G is summable for some α > ω plus something else will imply that G is summable? This is equivalent to find suitable conditions under which a Σ-group G whose power subgroup p γ G is summable will ensure that p δ G is summable whenever δ < γ.
